MA1300 - Enhanced Calculus and Linear
Algebra I - Notes

Textbook

Chapter 0 Functions

Chapter 1 Limits

1.4 Precise Definition of Limit

lim =L lim # L
e v
Given Ve>0 de>0
Given 36>0 Vé>0
Given Vo<|z—c|<$§ J0<|z—c<$
Result |f(x) —L| <e |f(z) — L| > €

1.9 Continuity at a point (p. 82)
If fis continuous at a,

lim f(z) = f(a)

T—ra
which implies that:
e f(a) is defined

e lim f(x) exists
T—a

Self Practice 2

(4) Prove: lim v 3 4 22 sin = = 0

z—0

Vad + a2 =[z[vi+z
Na — /3
_ 5’:E‘ < _\/.CC3—|-:L’2 < \/ZC3+ZE2Sin£ < 3 + 22 < 5’33’
z

1
where 0 < |z| < 3

1 3
lim (\/ —x) = lim (\/ —\af;|) =0
z—0 2 z—0 2

(12) Prove: lim f(z) = 0, where
z—0
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0 < f(=) < z?

im0 = limz2 =0
z—0 x—0

.13 V6—x—2
(13) Evaluate: }:13% T

VE—z-2 (6—w—4)(\/3—_:c+1)

lim lim

P23z —1 w23, 1) (\/6——:11—1-2)
(2-2) (V3=a+1)

I vV3i—x—+1 1
=lim —— = —
“’_’2«/6—58—{—2 2
(15) Prove: lil% f(z) DNE, where
T
o xeQ
f(m)_{l mg@

Solution. Suppose lin%] f(z) = A, Let £ = 1/4, then for any d > 0, there exists a rational number 0 <
T—
x5 < 0, and an irrational number 0 < 2§ < 6, so f(x5) =0, f(zf§) =1, and € < 1 < |f(z5) — A+ f(zf)— Al

Therefore lim f(x) does not exist.
x—0

Template for proving limit is not fo:
de>0,V4,30 < |.’E1 —:L'o’ < 0= |f(£171) —f0| >0
Template for proving limit DNE:

n — 00,a, — g = f(a,) — lim f(x)
T—T0

{an} — X0, {bn} — $0,nli_>l'glo f(an) # T}l_g)lo f(bn)

More precisely for this question:
1
n—oo,A,=— —0,B, =
n

ae:%,va,a(nﬂ):(

b NI VI VB
A I
|f(Bn+1)_0|:1>6
s lim f(z) #0
z—0

1 1

1 1 1
An e — < — =

[f(An1) =1 =0 > e
liir(l) flx) #1



Self Practice 3

Use the Definition of Continuity
(1,2)

e Since f is a rational function
e and a = lisin domain/(1, c0)is a subset of domain

» solim f(z) = £(1)
Use Continuity to Evaluate Limit
(5)

e Example: lim sin(z + sin z)
T—T

e Sincesintdomainis R, lim(z 4+ sinz) =7 € R,
T—T

e Solimsin(z + sinz) = sin (hm(af: + sin m)) =sinm =0
T—T T—T

Self Practice 4

4)

+ b = 0 have at least one solution on the

If @ and b are positive numbers, prove P

interval (—1,1).

a
z34+222—1

flz) =2 +222 -1, f(-1) =
f@) = (@° +2°) + (2 +2) — (2 +1) = (2" + 2~ 1)(z + 1)
g9(z) = 2® + 2 —2,9(1) = 0
gz)= (x> -2+ (2> —2)+ 2z —-2) = (2> + = + 2)(z — 1)
= H(z) = ¢ + ’
(@ +1)(z — 258)(z — 255) (2 —1)(a* +2+2)
V5 —1

€ (=L@ U(d1),¢=
li1§)1+H() oo + C = +o0, hmH(

z—1"

2
)=C—00=—-00
As H(x) is continuous on (¢, 1),

36, >0,V0<é; <6, H1—6y) < —

38y > 0,V 0 < &y < 89, H(p+ 03) > 1

Let 6 = min {51 62,ﬂ}
272 3

H(1- (5) —1
s
H(x) contlnuous on (¢ + 9,1 —9)

= H(z) = 0 have at least one solution on (¢ + §,1 — §)

Chapter 2 Derivatives
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2.2 The derivative as a function

Ex. if f(z) = 4/, find f'(z) with its domain.

(a) = lim YR VE
o b
. (x+h)—z
= lim
h=0p (\/a: T h+ ﬁ)
li !
=1
h=0 \/z + h+z
— (2> 0)
= x
2z
f() is not differentiable at z = 0, because it corners at = 0.
Ex. Prove ‘%1“" =nz" L
oy g & (@ 4 h)”
f(z) = lim h
= lim
h—0 h
o (D" th+
= lim
h—0 h

2.3 Differentiation formulas

Proof of Product Rule

|
~
—~
g
—~
&
_|_
=

x4+ h)g(z + h)

h
—f(z)g(z) + [f(x) + f'(z)h][g(z) + g'(x)h]

= lim
h—0 h
— lim —f(x)g(x) + f(z)g(x) + f'(x)g(x)h + f(2)g' (z)h + f'(z)g (x)h?
h—0 h
= lim f'(z)g(z) + f(z)g'(z) + f'(2)g'(x)h
= f'(z)g(z) + f(z)d (z)
Proof of Quotient Rule
[ﬂﬂ’:hmw
g(x) h—0 h
i L@ P)9(@) — f(@)g(x + )
f0 g(z)g(z + h)h
o [f@) + £ @)hlg(@) - f(@)lg(@) + ¢'(@)h)
h0 9(z)[g(z) + g'(z)h] - h
— lim f'(x)g(z) — f(z)d'(z)
=0 g*(z) + g(z)g'(z)h

_ f'(@)g(x) — f(x)g'(x)
g*(z)
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2.4 Derivatives of trigonometric functions

Proof of Limit formula (2)

rcos20 =2cos’f—1=1—2sin%0
cosf —1 —2sin® £
Slim— = lim
6—0 0 6—0 0

another proof
cos@—1 . (cosf—1)(cosf+1)

R
630 6 650 O(cosf + 1)

—sin? @
im—-———
60 O(cosf + 1)

sinf _. sin 6

= —1i
013(1) 0 912% cosf+1

— 1 -0
111

Proof of Derivatives

sin ' cos ¢ — sin z cos z’

r__
(tanz)' = -
2 )
cos“x +sin“x

cos?z
1
= — = sec’
cos? x

, .. cos(zx+h)—cosz
(cosz) = lim -
h—0
coszcosh —sinzsinh — cosz

= lim
h—0 h
. cosh—1 . . sinh
=coszlim ——— —sinz lim
h—0 h h—0

=cosz-0—sinx-1

= —sinz
e (cotz) = ( o ) —S 2Cs L Smﬁ; ;052 L = —csc’z
o (secx CoS T — Sz _ tanzsecx
(cos )
e (csc :c)' [(sinz) 1) = % = —cotzcscx

2.6 Implicit Differentiation
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Definition

Treat y as a function of x.

d
d 2 !
'dmy vy

Example

Find the tangent line of the equation 2(z? + y?)? = 25(z? — y?) at (3,1).
2L (0?47 = 25 | a2 - Ly
dx
d d

2222+ 2) - (22 b a?) — 95 25 — L2

(@ +y7) - —— (2" +y7) =25 (22 — —y
4(z® + ) [ 2z + in = 50z — 252y - iy}

dx dx
4(z” +y*)(2z + 2yy') = 50(z — yy/)

;25T — 4z — 4xy?

v 42y + 4y3 + 25y
9
13

y,|x:3 -
Example

e Car Ais traveling west at 40 km/h and car B is traveling north at 50 km/h.
e Both are headed for the intersection of the two roads.

e Atwhat rate are the cars approaching each other when car A is 0.6 km and car B is 0.4 km
from the intersection?

dz

— =40

dt

dy

=2 —50

dt

D:1/m2_|_y2

dD  d 5

@ @Vt
d 1 _1
:E(w2+92)'5(w2+y2) ’

dz d
2xﬁ + 2yd—§f
24/ x2 + 2
2(0.6-40+ 0.4 - 50)

21/0.62 + 0.42
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EXAMPLE 5 A man walks along a straight path at a speed of 4 ft/s. A search-
light is located on the ground 20 ft from the path and is kept focused on the man. At
what rate is the searchlight rotating when the man is 15 ft from the point on the path
closest to the searchlight?

SOLUTION We draw Figure 5 and let x be the distance from the man to the poin(
on the path closest to the searchlight. We let @ be the angle between the beam of the
searchlight and the perpendicular to the path.

[ i
9 i We are given that dx/di = 4 ft/s and are asked to find d6/dt when x = 15, The
j[‘i - equation that relates x and 6 can be written from Figure 5:
. = = tan 6 = 20tan 6
20 an x an
Differentiating each side with respect to 7, we get
dx do
— = 20 sec’d —
FIGURE 5 dr sect
dg 9 dx 2
S0 i & COS“GE; = 5 cos’0(4) = ! cos’
When x = 15 ft, the length of the beam is 25 fi. so cos 6 = £ and
do 1 [4\* 16
—=—|=-) =—=0.128
d 5 (5 ) 125
The searchlight is rotating at a rate of 0.128 rad/s. |
dtan 6 1 df
j gtant __ 1 av
Important! =~ 05?0 dt

Aware of f(0) Case

Webwork 2.1

3)

— 5z% + 22 <0

f(m):{8x2—3 >0

According to the definition of the derivate, to compute f'(0),

o lim @O _ iy Selt2%e-8 _ jiy 5494 3 pNe
z—0~ z—0 z—0~ , z z—0~ z
o lim £SO _ gy B30I _ gy 8z = 0
z—0" . z—07" r z—0"
e So f'(0) is undefined.
L' hospitals Case
Webwork 2.3 (4) Find lim <ot bz
. cotbxr s o0 . .
lim —— (—) = lim cot bz sinz
z—0 CSCX o0 z—0
. sin x 0
= hm —_— | —
z—0 tan 5z ( 0 )
. CcoszT
= lim ——
z—0 5
cos? bz
o1 1
= lim — =
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!/
: _ _ 1(..2\-2 _ _
Proof.|m|’_<\/a}2> =5(z%) 772z = \/%_i

Example: (Webwork 2.4 (3))

e |sinz| = 2L . cosz
| sin x|
— =z,

e sin|z|’ = " cos|z| = T s cos

Double-Implicit Differenation

Self Practice 8 (5) I sin @ = 50, d(lf;sa) = 2, Solve ‘fi—i‘ when [ = 100

[sino = 50
50
=1=—
sin &
d(lcos a)
dt
d(50 cot )

dt
dcosa 1 dao 2

dt sina dt 50
=100 = sina = %

do 1 ., 1
— = ——sin“a = ———
dt |0 25 100

Midterm

Limit Proof by Definition

. . z—2 .
Midterm 2(a) Prove 91613% T = 2

Ve>0

35—min{1,ﬁ}
20

VOo<|z| <o

2z% +3
1(@) = (-2)| = | s

3+ 2z

= ||

< ||
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Limit DNE Proof by Definition

1

Midterm 2(b) Prove lim SH;;”T DNE

z—0~
sin L
Suppose lim = =L
rz—0~ €T
by Definiton, Let ¢ = 1
Vé>0
V-—d<z<0
sin L
— 2“3 —Li<1
T
1
Letzg= ——+——
2nm + 5
—0<xzyp<0
sin ﬁ -
However 2“ —L :‘2n7r+——L‘>1
xg 2

Between each two f(z() = 2nm + 5 there is a gap of 27 > 2, thus there is no L such that
all | f(zo) —L| < 1.

MVT

Midterm 4 f(z) continuous on [0, n], f(0) = f(n), Prove: 3z € [0,n — 1], f(z) = f(z +1).
Let g(i) = f(1) = f(i+1) (0<i<n-—1)
Case 1
9(0) =g(1) =---=9g(n-1) =0
Case 2
Jg(a) > 0,9(b) <0
According to MVT,
3¢ € (a,b) C[0,n—1]
9(¢Q) = f(Q) - f(¢+1)=0

Squeeze Theorem

—hghsin% <h
lim—-h=limh=0

z—0 z—0

= lim hsin i =0
z—0 h

Chapter 4 Inverse Functions

Log Diff Trick

3

(Ex on Page 6) Find ¢/’ for y = wéa,ﬁé#
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3

1
Iny="Inz+ —In(z?+1) — 5In(3z + 2)

4 2
dyl1 3 2z

15

dmy:E—FZ(x?—i—l) 3z +2

. ziVz?+1/( 3
3z +2)8

Inverse Trigonometric Function

Inv Function Range Domain

-1 T T
y=sin"'z lz] <1 (-5, %)
y=cos 'z lz| <1 (0,7)
y=tanlz (5.3
y=cot 'z (0,7)
y=sec 'z lz| > 1 [0, Z2) U [m, 2)
y=csclz lz| > 1 (0, %] U (7r, 3?“]

1

4z

T

15

22+1 3z +2

SP 1

SP2

S Kl S
oy S vl

3
INTE]

)

Notice: z = 1 forsin ™!, cos ! and x = 400 for all cases are not in the range

Inv Trig Derivative

1

Assume @ = func™ " zin all cases.

Important: (1 + tan? ) cos?0 = cos?0 +sin?0 =1 < (1 + cot?f)sin? 0 = 1

= tan?f =sec?f — 1,cot?f = csc 9 — 1

d 3n—1,.__ _d0 _ 1 __ 1 _ 1
* WS T = Feng T Tosd V1—sin260 T 1=z
d . —1, _ d -1 _ -1 -1
® WO T = Feos§ T sl V1—cos20  V1-z2
di 1. _d 1 1 1
¢ dx tan™" x = dtan@ ~— 1/cos?6 ~ 1+tan20 = 1+4ax2
d -1 do —1 —1 —1
o — = g = =
dz cot "z dcot 0 1/sin”6 1+cot? 0 1+x2
° iSec_l xr = do = 1 = 1 =
dz dsect tan @ sec6 Vsec2 6—1 sec 6 ovVri—1
d -1, d -1 -1 s
* WS¢ T = Fescd T otfescd Vese20—1cscd  zvzi—1

L' hospital's Rule
Type 1

(Ex on Page 11)

SP4
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. cotx
lim (1 + sin4z)®'*(1%) = lim (eln<1+sm4z>)

z—0+ z—0*t
— lim eln(1+sin4x) cot:c(eO-oo)
z—0+t
. In(1+4sindz) /0
=exp lim ———=( —
z—0" tanz 0
4cosdx
— exp lim 1+sindx
z—0* 1
cos?x
4x1
1+0
=exp—— =e¢’

1
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